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Abstract 
For a graph G = (V,E), by N =A +I ,  we denote the closed neighborhood matrix of G where A 
and I are the adjacency matrix of G and identity matrix, respectively. The parity dimension f G, 
denoted PD(G), is the dimension of the null space of N over the field Z2. We investigate parity 
dimension for trees, graphs and random graphs. (g) 1998 Elsevier Science B.V. All rights reserved 
1. Introduction 
The standard domination problem for a graph G=(V,E) is to find a (minimum 
cardinality) vertex set S c V(G) such that each v E V(G) is either in S or adjacent 
to a vertex in S (see, for example, [5]). The open neighborhood of vertex v E V(G) 
is N(v)---{w: w E V(G),vw EE(G)},  the set of vertices adjacent o v; and the closed 
neighborhood of v is N[v]=N(v)U{v}. Thus, S is a dominating set for G when 
N[v] M S ~ 0 for every v E V(G). More generally, as in [6], S is a k-dominating set if 
IN[v] nS[ ~>k for all v E V(G). An interesting result of Sutner is that for every graph 
G there is a dominating set S that dominates each vertex an odd number of times, an 
'all-odd parity assignment'. 
Theorem 1 (Sutner [11]). For every 9raph G there xists a subset S C V(G) such 
that [N[v]nal is odd for every vE V(G). 
Sutner's result helped to motivate the following general domination problem defined 
in [1]. For V(G)= {Vl, v2 . . . . .  vn} to each vi assign a set Ri of nonnegative integers, and 
we seek to find a set S C_ V(G) such that [N[vi] M S[ E Ri for 1 ~< i ~<n. Standard dom- 
ination has every Ri = {1,2,3 . . . .  }; k-domination has every Ri = {k,k + 1,k+2 .. . .  }; 
efficient domination has every R i={1},  a condition not always achievable [3]; and 
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Fig. 1. Tree 7'1 is APR, but T2 and T 3 are not. 
Sutner's odd parity problem has every R i={1,3 ,5 , . . .} .  In [1], we studied the case 
when each Ri is either odd {1,3,5 . . . .  } or even {0,2,4,6 . . . .  }, that is, each vertex 
has an assigned parity. A given parity assignment for a graph is not always realiz- 
able. Consider the tree 7'2 in Fig. 1 with R1 =R2=R3=Ra=R5 ={0,2 ,4 ,6  .. . .  } and 
R6 = { 1, 3, 5, 7 .. . .  }. Assume S C V(G) satisfies these parity assignments. If v5 E S then 
/34 E S because R5 is even, so /)6 ~S because R6 is odd, and v3 ~ S because R4 is 
even; and if v5 ~S it follows that /34 ~ S, v6 E S and v3 E S. Thus, in either case, 
I S( ']  {/)3,/)4}1 ~--- 1. Now R3 being even implies that [SM {/)1,/32}1 ~--" 1. In particular, of 
IN[vii fq SI and IN[/)2] N S[ exactly one is even, a contradiction. 
Sutner [11] observed that finding the minimum cardinality of an all-odd parity set S 
is NP-hard. In [1] we presented a linear algorithm for finding the minimum cardinality 
set S achieving an arbitrary given set of  parity assignments for a series-parallel graph, 
and [2] contains a constructive characterization of trees for which any given set of 
parity assignments can be achieved. Tree /'1 in Fig. 1 is such a tree; as observed, tree 
T2 is not. 
In this paper we also consider parity assignments, each R i={1,3 ,5  . . . .  } or 
{0,2,4,6 .. . .  }. We will see that each graph G has 2 k all-odd parity sets and define 
the parity dimension PD(G)=k.  Section 2 contains the definitions and basic results. 
Section 3 considers trees, and it includes the results that for a tree Tn of order n we 
have PD(Tn)~< [ (n -  3)/2J and if 0~<k~ L(n-  3)/2J then there exists a tree Tn, k of or- 
der n with parity dimension k. Section 4 considers general graphs, and it also contains 
an interpolation theorem. Section 5 considers probabilistic questions. 
2. Definitions and basic results 
Let G be a graph with V(G) = {vl,/)2 . . . . .  /)n} and S C V(G). The characteristic col- 
umn n-vector [el,e2 . . . . .  e,] t has e i = 1 if/)i E S and ei = 0 if vi ~ S. Here we identify 
vertex set S and its characteristic vector. Thus, letting N be the (binary) closed neigh- 
borhood matrix with Ni, j = 1 if and only if vs. EN[vi] for 1 <~i, j~n ,  we note that S is 
a dominating set if and only if N .  S~>[1, 1 . . . .  ,1] t, a k-dominating set if and only if 
N.  S>~[k,k, .... k] t, and an efficient dominating set if and only i fN .  S= [1, 1 . . . . .  1] t. 
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Letting @ denote componentwise addition(modulo 2) of binary n-tuples, (Z~,G) is 
a vector space over Z2. For vertex subsets R and S, we let ~3 denote the symmetric 
difference operator, R@S = (R-S)  U (S -R) .  And letting Q denote matrix multiplication 
modulo 2, N®S = [1, 1 . . . . .  1] t if and only if S C_ V(G) is an all-odd parity dominating 
set for G. Given DC V(G) a set SC_ V(G) is called a D-parity set if IN[vi]nS[ is 
odd for vi ED and even for vi E V(G) -D ,  that is, i fN®S =D. For tree T2 in Fig. 1, 
N G Y = [0,0,0,0,0, 1] t has no solution, that is, there does not exist a {v6}-parity set. 
As previously claimed, every D c_ V(T1 ) has a D-parity set, that is, N ® Y = D has 
a (unique) solution. For X, Y C_ V(G), by ODS(X, G)= Y or simply ODS(X)= Y, we 
mean X is a Y-parity set in G. Note that a V(G)-parity set is an all-odd parity set, 
and a tp-parity set is an all-even parity set. 
Given a graph G of order n with closed neighborhood matrix N, we note that 
function L:Z~ ~ Z~ defined by L(X)=N ®X is a linear transformation. Its null 
space in Z~' is Jff(L) = {X EZ~: N®X = [0,0 . . . . .  0]t}. We define the parity dimension 
of G, denoted PD(G), to be the dimension of JV'(L). For a fixed D C_ V(G) if Y0 E Z~ 
satisfies N ® Y0 = D then the set of all solutions to N ® Y = D is { Y0 @X: X E A/'(L)}. 
In particular, for D C_ V(G) the number of D-parity sets is either 0 or 2 PD(a), and 
Sutner's theorem is that the number of V(G)-parity sets is 2 PDtG) 1> 1. Note that there 
exists a (unique) D-parity set for every D C V(G) if and only if PD(G)= 0, so the 
'all-parity realizable' graphs (or APR graphs) defined in [1] are precisely those with 
parity dimension zero. We have the following theorem. 
Theorem 2. Let G be a graph with PD(G) =k  and let DC_ V(G). I f  G has a D-parity 
set, then there are exactly 2 k distinct D-parity sets. 
Every graph has a @parity set, namely the empty set, and by Sutner's theorem every 
graph has a V(G)-parity set. Thus, we have the following. 
Corollary 1. Let PD(G)---k, then there are exactly 2 k distinct @parity sets and 2 k 
distinct V( G)-parity sets. 
Lemma 1. I f  a vertex u is in some all-even parity set of G, then u is in exactly 
2 PD(C)-I all-even parity sets of G. 
Proof. Let nl and n2 denote the number of all-even parity sets containing and not 
containing u, respectively. Let X C_ V(G) and ODS(X)= 0 with u EX. Then for each 
YC_V(G) with ODS(Y)=0 with uSY, we obtain X'=XO Y with uEX'  and 
ODS(X') =0. Therefore, we conclude that nl ~>n2. Similarly, if Z C_ V(G) with u E Z 
and ODS(Z)=0 then ODS(Y' )=0 where Y '=X ® Z and u (~ Y'. Thus, we have 
n2 ~nl. Therefore, we have that n~ = n2 and the conclusion then follows by noting that 
nl 4-n2 -----2 PD(G). [] 
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Lemma 2 (Amin and Slater [1]). I f  S C V(G) is an all-even parity set, then the car- 
dinality of S is even. 
Proof. Note that if S is an all-even parity set with v E S, then IN[v] n S[ is even implies 
N(v) n S is odd. That is, the degree of v in (S), the subgraph of G induced by S, is 
odd. Thus, every vertex in (S) has odd degree, and IS] is even. 
Lemma 3. The cardinalities of E(G)-parity sets of a graph G are either all odd or 
all even. 
Proof. Let X, Y c_ V(G) with ODS(X) = V(G) and ODS(Y) --- V(G). Then there exists 
a 0-parity set ZC_ V(G) with Y=X@Z,  or Z=X@Y.  I f  IXl is even and IYI is odd, 
then we will have that IZI has odd cardinality, a contradiction because, by Lemma 1, 
an all-even parity set has even cardinality. [] 
Observation 1 (Amin and Slater [1]). I f  every vertex has odd degree, then V(G) and 
(a are all-even parity sets, so PD(G) >~ 1 and G is not APR. 
Proposition 1. Let G be a graph on n vertices, then PD(G)~<n-1 and equality holds 
if and only if G is a complete graph. 
Proof. By Corollary 1, G has exactly 2 PD(G) all-even parity sets and, by Lemma 2, 
G has at most 2 n-1 all-even parity sets. It follows that PD(G)~<n-  1, and moreover, 
PD(G) = n - 1 if and only every even subset of V(G) is an all-even parity set (and 
hence every odd subset is an all-odd parity set). It is easily verified that PD(Kn) - -n -1 .  
Let G be a graph with PD(G)=n-  1. Assume G is not complete, and let uvq~E(G). 
Consider the odd subset {v} of V(G), then IN[u] n {v}l is even and IN[v] n {v}l is 
odd, a contradiction. [] 
Corollary 2. Let G be a graph with k components, then PD(G)~<n- k with equality 
if and only if each component of G is a complete graph. 
Proposition 2. Let G be a graph on n>>.2 vertices. Then PD(G)=n-  2 i f  and only 
if G consists of two components each of which is a complete graph. 
Proof. By Corollary 2, it suffices to show that if PD(G)= n -2  then G is not connected. 
We prove this by induction on n. One can verify the conclusion for n = 2, 3, and 4. 
Assume the conclusion holds for all values less than n. Let G be a graph on n vertices, 
and let u be a vertex in G and G ~=G-  u. 
If  u is not contained in any all-even parity set of G, then clearly PD(G t) ~>PD(G)--- 
n -  2. Since G I has n -  1 vertices, by Proposition 1, PD(G ' )~<n-  2 and hence 
PD(G ' )=n-  2 and G t is a complete graph. Now, every even subset of V(G ~) in- 
duces even parity on u in G, hence u is either adjacent to all other vertices or no other 
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vertex in G. In the former case we have PD(G)= n - 1, a contradiction, and in the 
latter case we have G = K1 U Kn_ 1. 
If u is in some all-even parity set of G then, by Lemma 1, there are 2 PD(a)-I 
all-even parity sets containing u and as many not containing u. This implies that 
PD(G') >~PD(G)- 1 =n-3 .  If PD(G~) = n -2  then as before we have G =K1 UK,-1. 
If  PD(G I) = n - 3 then, by the induction hypothesis, G / consists of two components 
each of which is a complete graph. And u is in 2 PD(a)-I all-even parity sets of G 
implies that u is adjacent o all vertices of exactly one component of G', completing 
the proof. [] 
3. Parity dimension for trees 
As noted, we call a graph G an APR-graph when PD(G)= 0. In [2] we determined 
which paths and caterpillars are APR-trees. In this section we examine the possible 
parity dimensions of trees. We first strengthen Observation 1 for trees. 
Theorem 3. I f  every vertex v in a tree T has odd degree, then PD(T)= 1. 
Proof. V(T)  and ~b are all-even parity sets, so PD(T)~>I. Assume, there is an all- 
even parity set S C_ V ( T ) with 0 7 ~ S 7 ~ V ( T ). Assume edge UoVo E E( T ) with u0 E S and 
voWS, then I Sn(N(vo) -  uo)l is odd so we can choose ul ESNN(vo)  with ul ~Uo. 
Then IN[ul]l is even, as is ISnN[ul]l, and v0 EN[ul] with v0 ~S, so we can choose 
vl 7 ~ v0 with vl E N[Ul] with vl ~ S. Iterating this procedure, we would obtain an arbi- 
trarily long path uo, vo, ul,vl,u2,v2 . . . .  in T with each ui ES  and vi q~S, a contradiction 
since V(T)  is finite. [] 
Theorem 4 (Amin and Slater [2]). I f  there exists exactly one vertex of  even degree 
in tree T, then T is APR,  PD(T)= 0. 
Note that path P4 and tree T3 in Fig. 1 each have exactly two vertices of even 
degree, but P4 is APR and PD(T3)= 1. The darkened vertices in T3 form the unique 
nonempty all-even parity set. 
Observation 2. In a graph G with vertex v of  degree d(v) = 1, if  N(v) = {w} and S 
is a (a-parity set then [S M {v, w}l 7 ~ 1. 
Assume path Pn has V(P, )= {Vl,V 2 . . . . .  Vn} with 1)iDi+ 1 EE(Pn) for 1 <~i<~n-1, and 
let S be an all-even parity set. If vl ~ S and vt is the first vertex on Pn with vt E S, then 
[N[Vt_l] f'lS[ = 1, a contradiction. Hence, vl ~S implies S=0.  On the other hand, by 
considering that ISNN[vi]I must be even for i=  1,2,3 . . . . .  n it is easy to verify that 
if vl E S then v2 E S, v3 ~ S, v4 E S, v5 E S, v6 q~ S, etc. In general, vi (~ S if and only if 
i = 3k and we must have n -=- 2 (rood 3). 
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Fig. 2. Caterpillars with every vertex of odd degree. 
Proposition 3. For path Pn we have PD(P3,)= PD(P3k +1)= 0 and PD(P3k + 2)= 1. 
For the star Kl,t by Observation 2 we have PD(K1,2j)= 0 and PD(K1,2j+I)= 1. 
In general, let U denote the set of end points of tree T. If T - U is a path, then 
T is called a caterpillar. Let caterpillar T have as its 'spine' (see [7,9, 10]) the path 
T-  U=(Ul,U2 .. . . .  uk), and let ni denote the number of end points adjacent to vertex 
ui of the spine. We observe that the only caterpillars with all vertices of odd degree 
are those of the form illustrated in Fig. 2. 
For caterpillars T1 and T2 with spines (Ul,U2,...,uk) and (vl,v2 . . . . .  vj) by TlXT2 we 
denote a caterpillar with spine (Ul,U2 .. . . .  uk,x, vl,v2 . . . . .  vj) in which the number of 
end vertices adjacent to vertex x is arbitrary and the number of end vertices adjacent 
to each ui and vh is the same as in T1 and T2, respectively. Generalizing Proposition 2 
in [2] is the following. 
Proposition 4. (a) The set T* of all non-APR caterpillars is defined by: 
(1) each tree of type 1"1 or I"2 in Fi9. 2 is in T*, and 
(2) if T1 and T2 are in T* then TlXT2 E T*. 
(b) Caterpillar T f~ T* implies PD(T) = 0 and caterpillar T E T* implies PD(T) = 1. 
Theorem 5. I f  T is a tree with set U of endpoints, then PD(T)~<IU I - 1. 
Proof. Let U = {ul, u2 . . . . .  uk} be the set of endpoints of tree T, and let U*= U-uk .  
To see that the number of all-even parity sets is at most 2 k-1 we will show that if 
S1 and $2 are distinct all-even parity sets then $1 n U* # $1 A U*. Thus, we root T at 
uk and assume $1 y~ $2 but S1 A U* = $2 n U*. Then we can find an interior vertex v 
such that (1), i f x  is a descendant of v then either xES1 f~S2 or x~S1US2 and (2) 
v is in exactly one of S1 and $2, say v E Sl and v ~ $2. But if w is a child of v, then 
N[w] nS1 =(N[w] AS2)U {v}, a contradiction because both sets must be even. [] 
Theorem 6. Lettin9 Tn denote a tree on n >>.5 vertices, we have PD(T2k)~<k- 2 and 
PD(TEk+I )~<k-  1, and these bounds are achieved 
Proof. For the trees T~k and T~k_t_ 1 in Fig. 3 one can verify that PD(T~k)=k-  2 and 
PD(T~,+I)----k- 1. For ir~k the all-even parity sets are those that consist of an even 
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Fig. 3. PD(T~k ) =k - 2 and PD(T~k + 1 ) =k - 1. 
subset of  {ul,u2,.. . ,  uk-1 } and the corresponding vi's. No all-even parity set contains 
uk and vk. For T~k +1 no all-even parity set contains v, and the all-even parity sets are 
those that consist of  an even subset of {Ul,U2 ... .  ,uk} and the corresponding vi's. 
One can verify that each of the three trees on five vertices and six trees on six 
vertices has parity dimension 0 or 1. Thus, we assume that tree T on n >~ 7 vertices is a 
smallest counterexample to the theorem. Suppose T has two end points with a common 
neighbor, say deg(u l )= deg(u2)= 1 with N(U l )=N(u2)= {v}. Let T* = T - Ul - u2, 
and we will show that PD(T* )=PD(T) .  First, note that any all-even parity set S for 
T has Isn(v, ul,u2)l=O or 3. Let Sl and S2 be distinct all-even parity sets for T. 
It follows that each S*=SiN V(T*) is an all-even parity set for T*. As noted, if 
{ul,u2} C_Si then yES*, and thus S~' ¢S~'. Hence, PD(T*)~>PD(T). Second, for the 
converse, if S~' and S~' are distinct all-even parity sets for T*, then (1) v £ S* implies 
Si=S* is also an all-even parity set for T and (2) yES* implies Si=S*U{ul,u2} 
is an all-even parity set for T. It follows that $1 and $2 are distinct all-even parity 
sets for T, and PD(T)~>PD(T*). Thus, PD(T)=PD(T* ) ,  and T* would be a smaller 
counterexample. 
Suppose no two endpoints of T have a common neighbor. Then the set U of  end- 
points of  T has [Ul<~n/2. If n=2k+ 1 then, by Theorem 5, PD(T)~<IU[ -  l~<k-1 ,  
a contradiction, and we are done. I fn  =2k  and [U I ~<k-1, then PD(T)~< IUl-1 ~<k-2, 
and we are done. Remaining is the case with n=2k, IUl=k, and each endpoint is 
adjacent o a distinct vertex. That is, T -  U is a tree on k>~4 vertices with each 
v E T - U adjacent to a unique v I E U. Observe that for each all-even parity set S the 
elements in S A (T - U) are paired to elements of  S ~ U. Thus, it suffices to show 
that at most 2 k-2 subsets of  T - U are able to be S n (T -  U) for such an S. For 
vET  - U if yES  then the vertex in U adjacent to v is in S and N(v)M(T - U) 
contains an even number of vertices. If v E T - U and v ~ S then the vertex in U 
adjacent o v is also not in S, so again IN(v)n (T - U)I is even. Letting x and y be 
adjacent vertices in T - U and S* C (T - U) - {x, y}, at most one of S*, S* U {x}, 
S* U {y}, and S* U {x, y} can have an even number of elements in N(x) and N(y), so 
there are at most 2 k-2 possibilities for SN(T-  U). Thus, PD(T)~<k-  2, completing 
the proof. [] 
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Fig. 4. PD(TI)  =k ,  n even, and PD(T2)=k, n odd. 
Theorem 7. Let O~k<. [(n - 3)/2J, then there exists a tree T with n vertices and 
PD(T) = k. 
Proof. Consider tree T1 when n is odd and tree T2 when n is even, shown in Fig. 4. 
Observe that vertex v cannot be in any non-empty all-even parity set in T1 or T2. 
Further, for Ti and /'2 the all-even parity sets are those that consist of even subsets of 
{vl,v2 . . . . .  vk+l} and the end vertices ui's and wj's adjacent to the vertices in these 
respective subsets. Hence, PD(Ti)=k, i = 1,2. 
4. Parity dimension for graphs 
The next two propositions generalize corresponding results for trees given in 
Section 3. 
Proposition 5. Let G be a 9raph with exactly one vertex u of even deoree and 
G '=G-  u, then PD(G)=0 if and only if PD(G')=0. 
Proof. Let PD(G)=0. Assume, to the contrary, that PD(G')#0. Noting that ODS 
(V(G'), G')=N(u), Theorem 2 implies that there is a set X # V(G') such that ODS(X, 
G') = N(u). If IX A N(u)l is even then ODS(X t2 {u}, G)= {u} = ODS(V, G) and if it is 
odd then ODS(X U {u}, G) = 0. In either case, we have that PD(G) # 0, a contradiction. 
Conversely let PD(G')=0. If PD(G)#0 then let Y C_ V be a non-empty set with 
ODS(Y,G)=0. Note that Y# V(G). If u~ Y then ODS(Y,G')=0, and if uE Y then 
ODS(Y-  {u},G')=N(u)=ODS(V' ,G') .  In either case we have a contradiction that 
PD(G') # O. [] 
Proposition 6. Let G be a graph with all vertices of odd degree. Then PD(G)= 1 
if and only if there does not exist X c_ V(G) such that induced subaraphs (X) and 
(V (G) -  X) each has all vertices of odd degrees. 
Proof. We observe that ODS(V)= 0 and hence PD(G)/> 1. Clearly, PD(G)= 1 if and 
only if there does not exist a ~b-parity set X, X # V(G) and X # 0. 
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If ODS(X)=13 then X= V(G)0 X = V(G) -  X is also a q~-parity set. Further, if 
uEX then the degree of u is odd in (X) because IN[u]NX[ must be even. A similar 
conclusion holds for vertices in X. Conversely, let (X) and (X) be induced subgraphs 
with all vertices of odd degrees. Because the degree of each vertex in G is odd, if 
uq~X then [N(u)NX[ is even, and if vf~Y then [N(v)NX[ is even. It follows that 
each of X and X is a ~b-parity set, completing the proof. [] 
m 
Theorem 8. Let G be a graph on n vertices and let G denote the complement of G,
then 0 <~ PD(G) + PD(G) ~< n - 1. 
Proof. Note that if PD(G)=0 then the conclusion of the theorem holds since, by 
Proposition 1, PD(G)~<n- 1. So assume PD(G)>0 and let X C_ V(G), X~13, be an 
all-even parity set in G. Let uEX, then IXnN[u,a]l is even and, by Lemma 2, 
IXI is even. This implies that IXNN[u,G]I is odd. Thus, X cannot be an all-even 
parity set in G. Let 41 and 42 denote the set of all-even parity sets of G and G, 
respectively, then we have 4l n 42 = {0}. We note that 41 is closed under taking 
symmetric differences, that is, if X, Y E 41 then X ® Y E 41, and similarly for 42. Thus, 
if 0 CX E 41 and 13 ~ Y E 42, then X® Y is neither in 41 nor in 42. It follows that the 
set 41,2 = {X ® Y: X E 41 and Y E 42} contains 141[ • 1421 elements. The conclusion 
is then immediate by noting that 1411=2 PD(G~, 1421--2 PD(~) and 41,2 contains even 
subsets and hence has at most 2 n-1 elements. [] 
Let G and H be two graphs with no common vertices. Then the join of G and H, 
denoted G + H, is the graph obtained from G U H by joining every pair u, v of vertices 
by an edge uv, where u E V(G) and v E V(H). 
Theorem 9. Let G and H be two graphs with no vertices in common, then PD(G + 
H)  = PD(G) + PD(H) + 1 /f both G and H have odd cardinality all-odd parity sets, 
and PD(G + H)  = PD(G) + PD(H), otherwise. 
Proof. We note that if X and Y are all-even parity sets in G and H, respectively, then 
X, Y, and X U Y are all-even parity sets of G +H.  It follows that PD(G +H)  ~> PD(G) + 
PD(H). 
Let XC_ V(G) and ODS(X,G) =A, and let yc_ V(H) and ODS(XUY, G+H)=B.  
Then it is seen that BN V(G)=A if ]YI is even, and BN V(G)= V(G)-A,  otherwise. 
In particular, if X and Y are all-odd parity sets in G and H, respectively, of odd 
cardinalities, then ODS(X U Y, G + H)= 13 and, by Corollary 1 and Lemma 3, we have 
PD(G+H)=PD(G)+PD(H)+ 1. [] 
Next, we determine parity dimension for cycles Cn, fans F. = Pn +K1, and wheels 
Wn = Cn + K1. 
Lemma 4. Let Pn be a path on n vertices and let X c_ V(Pn) with ODS(X)= V(Pn), 
then IXI = [n/3]. 
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Proof. Let V(P,)={vl,v2 . . . . .  v,} and ViVi+ 1 EE(P,), l<~i<n, and letXC_ V(Pn)with 
ODS(X) = V(P~). Because ]N[vl]NXI is odd, either vl EX and v2 ~X or vl qX  and 
v2EX, and hence X# V(P,). If Vl EX and v2f~X, then v3 q~X and v4EX because 
v2 and v3 each has odd parity. Repeated use of this argument shows that X is of the 
form vl,v4,vv . . . . .  The case vl qX  and v2 CX is similarly considered. Thus, it is easily 
verified that Y is of the form either {v~,v4,vT,...} or {v2,vs, vs .... }, and IX[ = In/3]. 
Proposition 7. Let F. = Pn + K1 be a fan on (n + 1 ) vertices; then 
0 / fn#3k+2 is even, 
PD(Fn) = 1 if n is odd, 
2 otherwise. 
Proof. Note that Fn = Pn + K1 and that PD(K1 )= 0. Further, V(K1 ) is an odd car- 
dinality all-odd parity set and, by Lemma 4, P. has an odd cardinality all-odd par- 
ity set if In/3] is odd. Then, by Theorem 9, PD(Fn)=PD(Pn) if In~3] is even and 
PD(F . )=PD(P . )+ I ,  if rn/3] is odd. The conclusion then follows from 
Proposition 3. [] 
Proposition 8. Let C. be a cycle on n >>. 3 vertices; then 
0 i fn#3k ,  
PD(Cn)= 2 otherwise. 
Proof. Let XC V(C,), X#O,  X#V(C~) ,  and let uq~X. Then ODS(X)=0 if and 
only if ODS(X, Cn - {u})= 0. Noting that Cn - u is a path on n - 1 vertices and 
ODS(X,C~ - u )=0 is possible only if (n - 1)=3./ '+2, when n#3( j+ 1) no such 
X exists and PD(Cn)=0. If n=3( j+ l ) ,  then consider vertices {u,v,w}G V(C,) 
with {uv, vw} C_E(C,). It can be verified that if X A {u,v,w} =0 then X = 0, and if 
]XN {u,v,w}] = 1 or 3 then IN[v] NX[ is odd; each is a contradiction. I fXn  {u,v,w}l = 
2, then the choice of each u, v, and w being not in X leads to a distinct ~b-parity set; 
moreover, these along with the empty set comprise all the q~-parity sets of C, and 
hence PD(C,)=2,  completing the proof. [] 
Proposition 9. Let W~ = Cn + KI be a wheel on n + 1 vertices; then 
PD(W~) = 
I f  if n ¢ 3k and n is even, 
if n ¢ 3k and n is odd, 
if n = 3k and n is even, 
if n = 3k and n is odd. 
Proof. We note that for a cycle C., V(Cn) is an all-odd parity set. Thus, Cn has 
an all-odd parity set of odd cardinality if and only if n is odd. Then, noting that 
Wn = Cn +K1 and PD(Kn)= 0, by Theorem 9, we have PD(Wn)=PD(Cn) if n is even 
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Fig. 5, PD(GI)=k, n-k  odd, and PD(G2)=k, n-k  even. 
and PD(W, )=PD(C, )+ I ,  if n is odd. The conclusion then follows from 
Proposition 8. [] 
Proposition 10. Let Kn,,n2,...,nk be a complete k-partite graph, and let j denote the 
number of odd values in {nl, n2 . . . . .  nk}, then 
0 f f j=O,  
PD(K~"~2'""~k)= j -1  otherwise. 
Proof. Let V(K,~,,2,...,n ~ )=X1 UX2 U ..- UXk, where IX/I = ni, Xi is an independent set, 
and Xi NXj. = 0, i ¢ j .  Let Y C_ V, Y ¢ 0 with ODS(Y) = 0. Let {u, v} C_X~ then N(u)= 
N(v) implies that if u E Y and v ~ Y then u and v have different parity, a contradiction. 
Therefore, we have either {u, v} C_ y or {u, v} N Y = (b; more generally, either X/C_C_ Y 
or X/N Y=0.  Let uEX/ and X/_C Y. Because IN[u]NYI is even, [N(u)NY[=IY-X i [  
is odd and, by Lemma 1, IYI is even. Therefore IX~l is odd, and Y consists of an 
even number of X/'s. Thus, the collection of all qb-parity sets is formed by taking 
all even subsets of the set of all odd cardinality X~'s. The proposition then follows 
immediately. [] 
Note that PD(Kn)= 0 and PD(K, )= n -  1. We conclude this section with an inter- 
polation theorem showing that if 0 <~ k ~< n - 1 then there exists a graph G of order n 
with PD(G) = k. 
Theorem 10. Let 0<~k<n, then there exists a 9raph G on n vertices with PD(G)=k.  
Proof. When k = n - 1 then G consists of a complete graph, and when k = n - 2 then 
G consists of two components each of which is a complete graph. We consider two 
cases corresponding to whether n -k  is odd or even. 
Case 1: n -k  =2t  + 1, t>~ 1. Consider the graph Gt shown in Fig. 5. One can 
verify that X is an all-even parity set of G1 if and only if (a) X is an even subset of 
V(Kk+l)-U, or (b )X=SU {U, Ul,U2 .. . . .  u2t} where S is an odd subset of V(Kk+l)-U. 
It follows that PD(G)= k. 
Case 2: n -  k = 2t + 2, t>~ 1. Consider the graph G2 shown in Fig. 5. It can be 
verified that ODS(X, G2)=0 if and only if (a) X is an even subset of V(Kk+l)-  u, 
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or (b) X =S U {u, ux,u2 ..... u2t-2,x, y} where S is an odd subset of V(Kk+1)- u. It 
follows that PD(Gz)=k. [] 
5. Parity dimension for random graphs 
In this section we find the expectation and variance for the number of all-even parity 
dominating sets of a random graph in fg(n, ½). As a consequence, the expected parity 
dimension of a random graph in if(n, ½ ) is at most one. We require the following result 
of Read and Robinson [8]. 
Theorem 11. Let M C_N with IN[ ~-n. For IMI even, the number of simple graphs on 
("i') N where M is the set of vertices havin9 odd degree is 2 . 
We also require the following special case of a result of [4]. 
Theorem 12. Let M C_N and {N1,N2) partition N with [Ni[=ni. For IM[ even, the 
number of simple bipartite 9raphs on N with bipartition {N1,N2 } where M is the set 
of vertices havin9 odd degree is 2(n'-l)(n2-1). 
Observe that in either theorem, the number of such graphs is independent of the 
set M. 
For a graph G with vertex set V and disjoint sets X, Y C_ V, G[X] denotes the 
subgraph of G induced by X and G[X, Y] denotes the bipartite subgraph of G induced 
by the bipartition {X, Y}. For v ~X c_ V, ec(v,X) denotes the number of edges in 
G incident with v and a vertex of X. Recall from Lemma 2 that an all-even parity 
dominating set must have even cardinality. 
The probability space f¢(n,p) consists of all graphs G with vertex set [n] = 
{1,2 .. . . .  n} in which the edges are chosen independently with probability p=p(n)  
so that P(G)= pmqN-m when G has m edges, where q = 1 - p and N = (~). A class 
of graphs which is closed under isomorphism is called a property of graphs. We say al- 
most every (a.e.) graph in ~(n, p) has a property Q provided P(G E f~(n, p) has Q) 
1 as n ---* ~ .  Note that P(G C f¢(n, ½) has Q) is merely the proportion of graphs on 
[n] having property Q. 
For S C_ [n] and G E ~(n, p), let 
1, S is an all-even parity dominating set of G, 
Xs(G)= O, otherwise 
and 
x=Exs ,  
s _c[n] 
so that X(G) denotes the number of all-even parity dominating sets of G. Hence, 
PD(G) = log 2 X(G). 
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Theorem 13. For (9(n, ½), 
and 
1, 
E(Xs) = 21-", 
O, 
1, 
2 l -n ,  
E(XsXr) = 23_2n ' 
0, 
Hence, 
E(X) = 2 - 21-" 
so that 
ISI =0, 
[S[ is even and positive, 
IS I is odd 
S=0=T,  
S- -T¢O,  S=0¢L  or S#O=T;  ISI, ITI even, 
S # T; ISI, ITI are even and positive, 
ISI or ITI is oaa. 
and Var(X) = 2 - 10 .2 - "  + 12 .4 - "  
P(G E f¢(n, 1 ): Vv (~ S, ec(v,S) even) = 2-" +s. 
Hence, by independence, 
Then 
2 -s = 1/2, 
E(Xs)----P(G E f~(n, ½): S is an all-even parity dominating set of G) 
= P(G E f~(n, 1/2): Vv E S, dGtsl(v) odd) 
.P( G E f#(n, ½): Vv q~ S, eG(v,S) even) 
= 21-". 
E (X)=I+ ~ E(Xs)=I+(2  "-l - 1) 21-"=2-21-" .  
I sI > 0, even 
For v q~ S, 
P(G E (~(n, 1/2): eo(v,S) even) = 
so that, by independence, 
0~<r; r even 
E(PD) ~< log2(2 - 21-n) = 1 + log2(1 - 2-") .  
Proof .  Fix S C_ In] with ISI = s even and positive. First, Theorem 11 implies 
2G ' )  
P(G E (~(n, 1/2): VvES, dGtsl(v) odd) = ---777- = 21-s. 
2~.2) 
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First, fix distinct, disjoint, non-empty sets S, T _C [n] with s = ISI 
even. Now, Theorem 11 implies 
P(G E fa(n, ½ ): Vv E S, dc[s](v) odd) = 2 l-s, 
P(G E f#(n, ½): Vv E T, dc[r](v) odd) =2 l-t, 
while, Theorem 12 implies 
P( G E fa(n, ½): Vv E S U T, dGts, rl(v) even) = 21-s-t. 
For v~SUT,  
P( G ~ fa( n, ½): eG( v, S ) and eG( v, T) even) 
and t= IT I both 
±()t  (;) 
= S 
O~i;ieven i ~ 2--s--t =2s--I " 2t-1 " 2--s--t = 1/4, 
0 ~<j; j even 
so that, by independence, 
1 P(G E fa(n, ~ ): Vv £ S U T, ec(v, S) and ec(v, T) even) = 4 -n +s + t. 
Hence, by independence, 
E(XsXr) = P(G E fa(n, 1 ): S, T are all-even parity dominating sets of G) 
21-s21-t21-s-t4-n+s+t 23-2n 
Next, fix distinct, non-empty sets S, T C [n] with S C T and s = Isl, t = [TI both even. 
Now, Theorem 11 implies 
P( G E f~(n, 1 ): Vv E S, dctsl(v) odd) = 2 l-s, 
P( G E fa(n, ½): Vv E T - S, d6[r_sl(v) odd) =21 +s-t, 
while Theorem 12 implies 
P( G E fa(n, ½ ): Vv E T, d Gts, r-sj( v ) even) = 21-t. 
For v £ T, 
P(G E fa(n, ½): ec(v,S) and ec(v, T) even) 
= ~ y~ t - s  2_t=2s_ l .2t_s_ l .2_t=l /4 ,  
0~<i; ieven 0~<j; j  even J 
so that by independence, 
P( G E f~( n, ½ ): Vv ~ T, ec( v, S) and ec( v, T) even) = 4 -n + t 
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Hence, by independence, 
E(XsXr) = P(G E ~(n, ½): S, T are all-even parity dominating sets of G) 
21 -s21 +s- t21- t4 -n  + t = 23-2n, 
since dGts](v) odd for all v E S and d6ts, r_sl(V ) even for all v E T implies dG[r_sl(v) 
odd for all v E T - S. 
Finally, fix distinct, non-empty sets S, T C_ In] with R = S M T where 1 ~<r = IR[, r < 
s=[S I is even, r < t=lTI is even. Also, fixRl C_R, $1 C_S-R, Tj C_T-R  with IRll, 
[$11, [Tll all even. Now, Theorem I1 implies 
P(G E f#(n, ½): Vv E R1, d6[R](v) odd and Vv E R - R1, dG[R](v) even) : 2 ~-r, 
P(G E f~(n, ½ ): Vv E $1, d6[s-R](v) odd and Vv E S - $1, dGis-R] (v) even) = 21 + r-s, 
P( G E f~(n, ½): VvE Tl,datr_R](v)oddandVvE T - Tl,da[r_R](v)even)=2 ~ +r- - t  
while Theorem 12 implies 
P(G E (¢(n, ½ ): Vv E R1 U Sl, dGtR, S-RI(V) even and Vv E S - (R1 U S1 ), 
d Gtn, s_Rl( v ) odd) 
= 21 -s ,  
P(G E f¢(n, ½ ): Vv E R1 U/1, dGtR, r-Rl(v) even and Vv E T - (Rl U TI ), 
dct~,r-R](v) odd) 
= 2 l - t ,  
P(G E (¢(n, ½ ): Vv E S1 U T1, de[s-R, r-R](v) even and Vv E S U T - (R U $1 U T1 ), 
dC[S-R,T-R](V) odd) 
~_ 21+ 2r -s - t .  
For vq~SUT, 
P(G E ~(n, 1/2): eo(v,S) and eq(v, T) even) 
Z S- -?"  
i = 0 0 ~<j; i,j same parity J Z 0 ~<k; i, k same parity 
:2  r • 2 s - r - I  • 2 t - r -1  • 2 r - s - t  : 1/4, 
t k -- r ) 2 r_s_  t 
so that, by independence, 
P(G E f~(n, ½): Vv q~SU T, ec(v,S) and ec(v, T) even) =4 -n- '+s+t.  
Hence, by independence, and summing over all such R1, S1, T1 we have 
E(XsXr) = P(G E fg(n, ½ ): S, T are all-even parity dominating sets of G) 
Z S - -F  
0<~i; i even 0~<j;jeven J 
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Then 
t-~ ( t _ r )23+r_s_ t .23+2r_2s_2t .4_n_r+s+ t 
x k 
0~<k; k even 
: 2 r -  I . 2s - r -  1 . 2 t - r -  1 . 26-2n + r - s - t  : 23-2n.  
e(x2)=E(x)+2 E E(Xs)+ r (xsxr) 
ISI >0, even (S, T); IS], IT[ >0 and even; S ¢ T 
=2 - 21-" +2(2  n-1 - 1)2 l-n +(2  " - I  - 1)(2 n-1 - 2)23-2" 
= 6 - 18 • 2 -"  + 16 • 4-" ,  
so that 
Var(X) =2 - 10 -2 - "  + 12 .4 - " .  
Finally, Jensen's inequality implies, 
E(PD) ~< log2(2 - 21 - " )= 1 + log2(1 - 2-") .  [] 
Remark 1. Based on our calculations, it appears that the moments of X grow too fast 
for probabilistic inclusion-exclusion to give information about the distribution of X. 
Corollary 3. For k =k(n) --+ oo arbitrarily slowly, a.e. G E f#(n, 1) satisfies 
X(G)<~k, 
hence, 
PD(G) ~< log 2 k. 
Proof. By Markov's inequality, 
P(X>~k)<~E(-~ ) = o(1). 
Hence, a.e. G E f#(n, ½) satisfies 
PD(G) ~< log 2 k. [] 
6. Observations 
The proofs presented in this paper are all graph theoretic. Not surprisingly, as was 
noted by a referee, some (but apparently not all) of  these results also have nice linear 
algebraic proofs. Working with G. Zhang and N. Graham we have further results 
based primarily on linear algebraic techniques. For example, the parity dimension of the 
k-cube Qk is zero if k is even and 2 k- 1 if k is odd. A follow-up paper is in preparation. 
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